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Abstract 

We show that in the framework of noncommutative classical electrodynamics Cherenkov radiation is 
permitted in vacuum and we explicitly compute its spectrum at first order in the noncommutative 
parameter. We discuss the phenomenological impact of the merge of this new analysis with the old 
results of the substantial modification to the spectrum of the synchrotron radiation obtained in [Q. 
We propose to consider the pulsars' radiation spectrum - due to its very strong magnetic field - to 
investigate these Lorentz violating effects in astrophysical phenomena. 



PACS numbers: ll.10.Nx, 41.60.Bq 



1 Introduction 



The possible occurrence of noncommutative spatiotemporal coordinates has been extensively investigated 
in physics and mathematics [3]. Noncommutative perturbative quantum field theories seem unappeal- 
ing for phenomenology (see, e.g. |3]) - and nonperturbative quantum frameworks are just on their way 
- hence, as in pQ, we consider the well behaved noncommutative classical electrodynamics (NCED) 
proposed in [^j . We shall take the view that a nonzero 9 - the scale of noncommutativity - breaks Lorentz 
invariance (c.f. e.g. [7]), hence 9 "measures" the amount of Lorentz violation. 

In pp large departures from the ordinary spectrum of the synchrotron radiation were shown for the 
first time. They are due to the acausal (Lorentz violating) behavior of the electromagnetic fields related 
to the modified (shifted) poles of the associated Green functions (see £Q, and Eqs. (|T5)) and (|To|) 
below). Those results pointed out the relevance of strong magnetic fields of astrophysical origin to test 
Lorentz violation. 

Here we want to pursue further that investigation. We do so motivated by the recent result that in a 
Maxwell-Chern-Simons electrodynamics there is Cherenkov radiation in vacuum [S]. We shall show that 
this also happens in NCED, explicitly compute the spectrum of this radiation, and investigate whether 
this novel feature might be useful to improve the bound on 9 by astrophysical limits on the Cherenkov 
radiation. 

Noncommutativity for us is expressed in the canonical form \E%, * x v — x v * x^ = [x^, x v ]* = i9 p,v , 
where the ^-product for (j)(x) and xi x ) 1S (<t> * X)i x ) = ex P{f ^ v ^d^}(f)(x)x(y)\y-t x> is c-number 
valued, the Greek indices run from to 3. The NCED action with a coupling to an external current J M 
is 

I=-\Jd 4 xF^F^ + J fl A^ (1) 

where — d^Ay — d v A^ — i[A^, A„]*, A^ can be expressed in terms of a U(l) gauge field A^ and of 
9^ by means of the Seiberg-Witten (SW) map 1 A^A^). The action (JT)) at 0(9) becomes 

I=-\J d A x [F^F^ - ^FvpF^Fp, + 29 af) F aiL F f}v F^\ + , (2) 

where we made use of the 0(9) SW map A^A.9) = A^-(l/2) 9 a PA a {dpA ll + F fSll ), and of the ^-product. 
Our analysis is based on the theory 

We consider processes with emission of electromagnetic radiation by external sources both in vacuum 
and in presence of an isotropic medium with an electric permeability e(w), that is a function of the 
frequency of the radiation (the magnetic permeability is taken to be 1). In this case the linearized 
constitutive relations of 6 among the fields in the medium, descending from J5J), are only slightly modified 
and are given by 

D l = s ij {u)E j and B l = for 1 )** B j , (3) 
where we choose 9° l = 0, 9^ — e l: > k 9 k , e l3k is the completely antisymmetric symbol, £ u (ijj) = e(u>)£ ,J , 

C 3 = a5 ij + 9 l V + 9 J b l , {ii- 1 ) 1 ! = a5 l] - {9 l V + WW) , (4) 

J As 9^ -* 0, A^(A,e) -> and v — > F^u — d^Av — di/A^, hence this theory reduces to the ordinary Maxwell 
theory, as requested. 



i 



a = (1 — 9 ■ b), 6 is the background magnetic field, and the Latin indices run from 1 to 3. The Bianchi 
identities still hold unmodified, hence = d^A^ or 

1 d 



B = V x A and E 



dt 



A - V$ 



(5) 



The dynamical Maxwell equations are = J v +9 av J a d a A a +9 aa d a (A a J v ), where IP" = 61/6(8^), 

and they lead to 



V • D = 4ir[p 



V x (pA) 



- - 1 9 - 
VxH--—D 

C OT 



47T 



— [J* + 0' ( c «* J ff 9 fc ^ CT + e jlk dk(A l J i ))] 



(0) 
(7) 



By using the potentials 10, and the generalized Lorentz gauge + VA = 0, the Euler-Lagrange 

equations © and J7J become 



aD e $+ [9 l V + 9 J b l ) 

e(w) a 2 



c <9i 



Vx(pi) 



aD^ 1 + (<W + 9 J b l ) 



47T 

fem^m^ + 0jb m )e jlp d k diA p 



(8) 



[J 4 + ^' (e ijk J a d k A a + e jlk d k (A l J 1 ))] , 



(9) 



C 2 dt 2^^^y 

Air 

c 

where D e = —e(uj)c~ 2 df + d\ 1 + <9 2 2 + d 2 3 , respectively. 

In the same spirit of pp, we choose the simplest possible settings to observe the effects of Lorentz 
violation given by b = (0, 0, b) - background magnetic field speeding up the particle; 9 = (0, 0, 9) - i.e. 9 3 
is the only nonzero component of 9^ v . Although this choice for 9 surely is not the most general, it has 
the double advantage for us of (a) capturing the essential features of noncommutativity (see, for instance, 
the acausal behavior of the electromagnetic field [I]) an d (b) highly simplifying the Maxwell equations 
© and (J5J. From these settings: C j = aS i: > + S i3 S j3 X, where 



A = 2 9 b 



(10) 



a = (1 — 9b) = (1 — A/2). We are interested only in the largest departures from the ordinary energy 
spectrum. These are 0(9) ■ 0(e 2 ) in the energy - where e is the electric charge - hence contributions 
higher than 0(e) in the fields will be neglected. Taking into account these approximations - and the 
further suppression at a large distance R from the source, by a factor 1/R - Eqs. JSJ and can be 
written as 2 



□ e Ax+A9 2 (d 1 A 2 -d 2 A 1 ) 
□ eJ 4 2 + A9 x (d 2 A 1 -d 1 A 2 ) 
-A5 3 5 t $ 



r->£ 



47T ~ 

Jl > 

C 

47T ~ 
J 2 , 

c 

4-7T - 
J3 , 

c 



1 



d 3 d t A 3 ) 



Airp 

2 For a more detailed analysis of the approximations leading to Eqs. Illl - IT^t c.f. 0. 



(11) 

(12) 
(13) 
(14) 
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where = Ji/a, i = 1,2, and p = p/a. In the following Section we shall present the computation of the 
vacuum Cherenkov radiation in these settings, while the last Section is devoted to the discussion of some 
astrophysical implications and to our conclusions. 



2 Vacuum Cherenkov radiation in NCED 



In our settings only has a z-component, hence the largest modifications of the Cherenkov spectrum are 
expected when the charged particle moves along the same axis: J — (0,0, J3). As Eqs. (fTTJ) and (fT2"|l 
represent the propagation of plane waves in NCED discussed in the equations of interested for the 
present analysis are Eqs. H13[) and (|14|l that, in momentum space, have the following solutions 



A 3 (k,uj) 



-in 



J 3 (fc,w) 



4Att 



pk 3 uj 



c(l + A)eM^-fc 2 c [(l + A)e( W )f-^]( £ ( W )^-P-Afc 3 2 ) 
4irp(k, Lu)/e(ui) AAn k 3 uiJ 3 



k 2 - Xk 2 



[(l + A)e( W )f-P]( £ ( W )i 



fc 2 - Afc 2 ) 



(15) 
(16) 



where p(k,to) — e/(2ira) 5(u> — k 3 v), J 3 (k 1 uj) — (0,0, vp) and v is the speed of the particle. 
If one defines 



1 



d?kE(k,ujy wk2 



(17) 



(2tt) 3 / 2 

where w is the perpendicular distance from the path of the particle moving along the z-axis and the 
observation point of E(uj) has coordinates (0,ui,0), the energy per unit distance lost in collisions with 
the medium with impact parameter w > d - where d is a large distance from the path - is seen to be 
given by 

du u)e{uS)£(uj,X,d) , (18) 



d£ p ■ 

— = -Re 2 

dz \ 
where 

£(u),X,d) = dww \E(oj)\ 2 , 

Jd 

and we wrote explicitly the A-dependance. For us the relevant components of the electric field are 



and 



where (3 — v/c, 



E 2 {uj) 



E 3 {uj) 



1/2 



a + K 1 (wa + ) i o 



+ /3 2 cr_^i(w_) 



1/2 



2\ r 



-iew(l - e(w)/3 2 ) 
v 2 (l + e(w)/3 2 



X (wcr + ) 

e(o;) 



+ /? 2 K (w_) 



[1 + A - e(w)/3 2 



o 2 _ = 



[l - (1 + X)e(iv)f3 2 ] , 



(19) 



(20) 



(21) 



(22) 



and if„ are the modified Bessel functions. Inserting the expressions for the fields l|20[l and l|21() into Eq. 
(|19|) , we see that for large d, one can use the asymptotic behavior of K n to write 



\A\ 2 + \C\ 2 uj 2 /v 2 
2 I CT+ 1 Re(a+) 



exp(-2d Re(a+)) 



\B\ 2 + \D\ 2 co 2 /v 2 
2 |cr_ ] Re(tr-) 



exp(-2d Re(cr_)) 
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AB* + CD*lj 2 /v 2 a + - a*_ 
a- - - a, - \Jo+o*_ 



where 



A= * + „ = r _ 1- £ M/? 2 /3 2 (l-6H/3 2 ) 

eH(l + eH/3 2 )' l + eH/3 2 ' e(w)(l + e(w)/3 2 ) ' l+eH/3 2 ' 1 ' 

For A = we have cr+ = <7_ = <r, thus the correct Maxwell limit is recovered because, for large d, 
£(u>,0,d) ~ exp(— 2d Re(cr)), hence the Cherenkov radiation is observed only if Re(cr) = 0, which never 
happens in vacuum - in a medium this is the usual condition that gives v > c (c.f. either of Eas. (|22l> with 
A = 0). 

In NCED, instead, Cherenkov radiation is also allowed in vacuum. Indeed, from Eqs. (1221 we can 
have either Re(cr+) = or Re(cr_) = 0, for 

A < 1 - 1 and A < , (25) 

or 

1 - B 2 

A > — f- and A > , (26) 

P 

respectively, where A = 26b, hence the dumping at large d in Ea. (|23|) could, in principle, disappear 3 . It 
makes sense to investigate only the behavior in the ultrarelativistic regime: B 2 = 1 — rj, where r\ is a small 
positive number, by keeping only linear terms in n. To this order both conditions 125|) and (|26|l amount 
to | A | > 77. We can then pick one of them, say I126II . to write the energy loss in a NCED vacuum given in 
Eq.JTHJl as 4 

where we explicitly wrote 1 = cxp(— 2d Re(cr_)) to make clear the connection with Maxwell theory. By 
neglecting 0(r] 2 ) and 0(rj\) contributions, Eq. lt^7|l reads 

d£ 1 f°° , ue 2 

-~-J q d.-(X- V ). (28) 

The energy loss corresponding to the other condition, i.e. to Eq. 125|l . in the same approximation, is 
given again by Eq. (|28l) . but with A replaced by |A|. Finally the same conditions, Eqs. I|25() and l|26|l . 
can be recovered by the expression of the emission angle of the radiation (see 



3 Phenomenological Implications and Conclusions 

Let us summarize here our understanding of the state of the art: 

3 The real part of the third exponential exp(— d (0+ + in Eq. 1231 can never be 1 for A 7^ 0. 

4 As customary, we used e = 1 + ilm e and only at the end set Im e = 0. 
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In the departures from the ordinary spectrum of the synchrotron radiation due to Lorentz violating 
(acausal) behaviors of the electromagnetic fields gave a large correction factor X to the energy emitted 
by the source 5 

*< ( ^„ xMr ^(£^Q)\ (29) 

where this formula holds in the ultra-relativistic approximation for luq << lu << u> c , ujq is the cyclotron 
frequency {uj c = 3ojo7 3 )j 7 — (1 — , n is the value of the background magnetic field b expressed in 

Tesla, £ is the energy of the source and we used the bound[T3] 9 < 10 _2 (TeV)~ 2 . From 1)291) it was clear 
that, in spite of the 7 4 correction, only very strong magnetic fields b could improve the current bound 
on 9. Hence strong magnetic fields of astrophysical origin were seen to be the proper candidates to test 
Lorentz violation in this framework. The generality of this result resided in the poles-shift mechanism 
that one has to expect in a Lorentz violating electrodynamics. This point was also addressed in [S]. 

In |S] it was shown that plane waves in NCED have a deformed dispersion relation uj/c = fc(l — 9t-1>t)- 
This modifies the kinematical thresholds of processes involving radiation, such as 77 — > e + e~, and 
otherwise forbidden decays, such as 7 — * e + e~, are permitted. The astrophysical observation of ultra 
high energy gamma rays put some tight bounds on the modification of these thresholds in any theory 
involving violation of Lorentz invariance |14j. |15| (for a review see e.g. US]). In NCED these kinematical 
arguments do not improve the present bound on 9 as the galactic and extragalactic magnetic field is too 
weak [17) . As already noted in various occasions, however, a sound quantum version of NCED is not 
available. Thus, the considerations about such radiation processes only refer to the modified mass-shell 
(or light cone) of the theory. 

Let us now consider the possibility of a phenomenological bound on 9 coming from the Chercnkov 
radiation in the NCED vacuum just obtained in the previous Section. The kinematical analysis of vacuum 
Cherenkov radiation, performed in other Lorentz violating theories of electrodynamics, also introduces 
strong limits on Planck scale [18j . The 50 TeV gamma rays experimentally seen from the Crab nebula 
should come from highly energetic electrons which are explained by inverse Compton scattering. But 
this rules out the vacuum Cherenkov radiation because the Cherenkov rate is orders of magnitude higher 
than the inverse Compton scattering rate ^Sli EH- 

For us this implies that the conditions in Eqs. ([25)1 and l[26)l are not fulfilled, which in turn produces 
a limit on 9. However, even by considering electrons of very high energy (such as 1.5 PeV ^H]) with the 
present bound on 9 one obtains the condition n 1CP 23 < 10~ 19 , which is largely satisfied. Thus tight 
bounds could only be obtained by considering very strong magnetic fields, such as those observed in 
compact stars. Since the production of high energy gamma rays from e.g. pulsars, is a complex multi- 
step process involving shock waves, primary and secondary emissions, synchrotron radiation, inverse 
Compton scattering, and more 119) . one should evaluate how and how much each of those steps is 
modified. Numerical evaluations might be a conceivable approach to this involved analysis. 
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